A star-factor of a graph G is a spanning subgraph of G such that each of its component is a star. Clearly, every graph without isolated vertices has a star factor. A graph G is called star-uniform if all star-factors of G have the same number of components. To characterize star-uniform graphs was an open problem posed by Hartnell and Rall, which is motivated by the minimum cost spanning tree and the optimal assignment problems. We use the concepts of factor-criticality and domination number to characterize all star-uniform graphs with the minimum degree at least two. Our proof is heavily relied on Gallai-Edmonds Matching Structure Theorem.
Introduction
Throughout this paper, all graphs considered are simple. We refer the reader to [2] and [6] for standard graph theoretic terms not defined in the paper.
Let G = (V, E) be a graph with vertex set V (G) and edge set E(G). We call a graph with only one vertex trivial and all other graphs nontrivial. If S ⊂ V (G), then G − S is the subgraph of G obtained by deleting the vertices in S and all the edges incident with them. Similarly, if E ′ ⊂ E(G), then G − E ′ = (V (G), E(G) − E ′ ). The set of vertices adjacent to S in G is denoted by N G (S). If G is not a forest, then the length of a shortest cycle in G is called its girth, denoted by g(G), and a cycle of order g(G) is called a girth cycle. An odd (or even) cycle (or path) is the one with odd (or even) number of vertices. The union G 1 ∪ G 2 of the graphs G 1 and G 2 is the graph with vertex set V (G 1 ) ∪ V (G 2 ) and edge set E(G 1 ) ∪ E(G 2 ). A star is a graph isomorphic to a complete bipartite graph K 1,n for some n ≥ 1, and the vertex of degree n is called the center of the star.
A star-factor of a graph G is a spanning subgraph of G each component of which is a star. It is not hard to see that every graph without isolated vertices admits a star-factor. If one limits the sizes of the stars used, such a star-factor may not always exist. In [1] , Amahashi and Kano presented a criterion for the existence of a restricted star-factor, i.e., {K 1,1 , · · · , K 1,n }-factor. Yu [9] obtained an upper bound on the maximum number of edges in a graph with a unique star-factor.
A vertex subset S of a graph G is a dominating set if every vertex of G either belongs to S or is adjacent to a vertex of S. The cardinality of a smallest dominating set is called the domination number of G, denoted by γ(G). For extensive bibliographies regarding work on domination in graphs the reader is referred to [5] .
A matching M of G is a subset of E(G) such that no two elements of M are adjacent. The number of edges in M is called the size of M. A matching M is called a maximum matching if G has no matching M ′ with |M ′ | > |M|. If every v ∈ V (G) is incident to some edge in M, then M is said to be a perfect matching. A near-perfect matching in a graph G is one covering all but exactly one vertex of G. A graph G is said to be factor-critical if G − v has a perfect matching for every v ∈ V (G) and this concept is first introduced by Gallai [6] . An M-alternating path (or M-alternating cycle) in G is a path (or cycle) whose edges are alternately in M and E − M. Let M 1 and M 2 be matchings in G and M 1 ∪ M 2 denote the subgraph formed by the union of the two edge sets, so
. The components of this subgraph are edges, alternating even cycles or alternating paths.
Let G be a graph. Denote by D(G) the set of all vertices in G which are not covered by at least one maximum matching of G, A(G) be the set of vertices in Figure 1) .
Gallai [3] and Edmonds (see [6] ), independently, obtained the following canonical decomposition theorem for maximum matching in graphs. This result can be considered as a refinement of Tutte's famous 1-Factor Theorem and it provides a complete structural characterization of the maximum matchings in graphs. It was the foundation for Edmonds' well-known polynomial algorithm for finding a maximum matching in graphs. Its full power is still waiting to be explored in the future. Figure 1 The Gallai-Edmonds decomposition of a graph G
We say that a graph G is star-uniform if all star-factors of G have the same number of components. This concept is motivated by an open problem posed by Hartnell and Rall [4] , which asked to characterize the family of graphs that all its star-factors have the same number of edges and is motivated by the minimum cost spanning tree and the optimal assignment problems. Hartnell and Rall characterized star-uniform graphs with girth at least five. Wu and Yu [8] settled the case of star-uniform graphs with girth three but without leaves.
To prove that a graph G is not star-uniform, we usually show that G contains two starfactors with different numbers of components. In this paper, we use the factor-criticality and domination number to characterize all star-uniform graphs with the minimum degree at least two. Our proof is heavily relied on Gallai-Edmonds Structure Theorem.
Main Results
Let S be a star-factor with the maximum number of components among all star-factors of G. If we choose one edge from each component of S, it yields a matching M. Conversely, suppose M is a maximum matching in G, then G − V (M) is an independent set, and for each edge uv in M, u and v can not be adjacent to distinct vertices of G − V (M) due to the maximality of M. For each isolated vertex x in G − V (M), we add an edge e ∈ E(G) joining x to a vertex in V (M) and obtain a star-factor with |M| components. Hence we have the following proposition. Proposition 1. Let G be a connected graph. Then the maximum number of components of star-factors in G is equal to the number of edges of a maximum matching in G (e.g., the matching number).
Proposition 1 shows the relationship between the maximum number of components of star-factors and the matching number. Similarly, we have a proposition to relate the minimum number of components of star-factors and the domination number.
Proposition 2. Let G be a connected graph. Then the minimum number of components of star-factors in G is equal to the domination number γ(G).
Proof. Let S be a star-factor in G with the minimum number of components. Then all centers in S form a dominating set, so γ(G) is not greater than the minimum number of components of star-factors in G.
Conversely, suppose D is a dominating set of the minimum order. Then every vertex of V (G) − D has at least one neighbor in D and every vertex of D has at least one neighbor in V (G) − D since G has no isolated vertices. Now we construct a bipartite graph B with bipartition (V (G)−D)∪D and edge set
Then B has a star-factor, which can be regarded as a star-factor of G. Since the number of components of a star factor of B is at most |D|, it follows that γ(G) = |D| is greater than or equal to the minimum number of components of star-factors in G. Therefore the proposition is proved.
2
The following result of Ore [7] provided a bound for domination numbers of graphs without isolated vertices is a corollary of Proposition 2.
Theorem 2. (Ore [7] ) If a graph G has no isolated vertex, then γ(G) ≤ ⌊
Every star factor S of a bipartite graph G with bipartition X ∪ Y such that |X| ≤ |Y | has at most |X| components. So, if γ(G) = |X|, then, by Proposition 2, each component of S contains exactly one vertex of X, and thus we can obtain a matching from S that covers X. Therefore the following result follows. Combining Propositions 1 and 2, the following theorem is true for all star-uniform graphs.
Theorem 3. A connected graph G is star-uniform if and only if the size of a maximum matching of G is equal to the domination number γ(G).
Next is the main result of this paper. 
Hence, there are only nine star-uniform graphs containing odd cycles but there are infinite bipartite star-uniform graphs. Note that the infinite family of bipartite graphs mentioned in Theorem 4 satisfies 2 = |X| ≤ |Y | or 3 ≤ |X| < |Y |.
Proof of Theorem 4. It is easy to check that all graphs shown in Figure 1 are star-uniform. Let G be a bipartite graph with bipartition X ∪ Y such that γ(G) = |X| ≤ |Y |. Then G is star-uniform by Proposition 3 and Theorem 3.
Conversely, we shall prove that any connected star-uniform graph with the minimum degree at least two is one of graphs given in the theorem. Let G be a connected star-uniform graph with δ(G) ≥ 2. We consider the following cases. Therefore G is a 4-cycle, which is one of the bipartite graphs given in the theorem.
Case 2. G has no perfect matching.
Let M be a maximum matching of G. By Gallai-Edmonds Structure Theorem, we know that each component of the subgraph induced by D(G) is factor-critical and the subgraph induced by C(G) has a perfect matching. Moreover, M consists of a near-perfect matching of each component of D(G), a perfect matching of each component of C(G) and a matching which matches all vertices of A(G) to vertices in distinct components of D(G). Since G is connected, for each component D of D(G), there is at least one vertex in D which is adjacent to a vertex in A(G). As D is factor-critical, without loss of generality, we may assume that each isolated vertex in V (G) − V (M) is adjacent to a vertex in A(G). Now we add an edge e ∈ E(G) between each isolated vertex in V (G) − V (M) and some vertex in A(G), then we obtain a special star-factor S with |M| components such that all vertices in A(G) are centers of stars in S.
In the following discussion, we often delete some edges from S and then add other edges in E(G) − S to S to construct another star-factor with different number of components and thus yields a contradiction to that G is star-uniform.
Let C be a component of C(G). Since G is connected, then there exists an edge u 1 v 1 ∈ S in C such that u 1 is adjacent to a vertex x in A(G), and v 1 is also adjacent to a vertex in C or A(G) since δ(G) ≥ 2. If v 1 is adjacent to a vertex y in A(G), then deleting edge u 1 v 1 from S and adding two edges u 1 x and v 1 y to S, we obtain another star-factor with |M| − 1 components. If v 1 is adjacent to a vertex v 2 in C, then deleting edge u 1 v 1 from S and adding two edges u 1 x and v 1 v 2 to S, we also obtain a star-factor with |M| − 1 components. Either case yields a contradiction.
Claim 2. A(G) is an independent set.
Suppose uv is an edge in the subgraph induced by A(G) and T u is a star in S with center u. For each leaf x in T u , where x is in a component D of D(G), we perform the following operation: if D is singleton, then x is adjacent to another vertex y in A(G) (since δ(G) ≥ 2) and we delete the edge ux from S and add the edge xy to S; if D is nontrivial, then x is adjacent to a vertex z in D, we delete the edge ux from S and add the edge xz to S. By adding the edge uv to S, we obtain another star-factor S ′ with |M| − 1 components since v is a center of some star in S, a contradiction. ′ , we delete the edge vx ′ from S and add another edge x ′ t to S, where t ∈ A(G) ∪ D(G) is the center of a star of S. Now we obtain another star-factor with the same number of components as S. So, without loss of generality, we may assume that v has no other leaves except x in T v . Suppose e 1 , e 2 , · · · , e m are K 1,1 -stars of S in D. Then x is adjacent to a vertex in D, but can not be adjacent to the two vertices of a certain star e i (1 ≤ i ≤ m), otherwise the four vertices in xv and e i can be covered by one star with center x, a contradiction. So let e i = yz be a star with only one vertex, say y, adjacent to x and z is adjacent to a vertex u ∈ D ∪ A(G) since δ(G) ≥ 2. Then by removing yz from S, and adding yx and zu to S, we can obtain another star-factor with |M| − 1 components, a contradiction.
Since G is factor-critical, then for each edge xy, both G − x and G − y have perfect matchings, denoted by M x and M y , respectively. Let H = M x ∪ M y . Then H is a spanning subgraph of G and contains an alternating path P xy connecting x and y. Without loss of generality, we may assume that all components except P xy are independent multiple edges and the alternating path P xy is a longest path among all pairs (M x , M y ) of perfect matchings in G − x and G − y over all edges in E(G). The order of P xy , denoted by p, is odd. In the following, we assume |V (G)| ≥ 9 and then construct two star-factors of G with different numbers of components, and thus yields a contradiction. If p ≥ 9, then P xy ∪ {xy} has two star-factors S 1 and S 2 with ⌊ p 2 ⌋ stars and ⌊ p 2 ⌋ − 1 stars, respectively. So H ∪ {xy} contains two star-factors S 1 ∪ (M x − P xy ) and S 2 ∪ (M x − P xy ) with different numbers of components, a contradiction. If p = 7, then there is at least one vertex u in P xy which is adjacent to a vertex v 1 in H −P xy since |V (G)| ≥ 9 and G is connected. Then P xy ∪{xy, uv 1 , v 1 v 2 } has two star-factors S 3 and S 4 with three stars and four stars, respectively. That is, G contains two star-factors S 3 ∪ (M x − P xy − v 1 v 2 ) and S 4 ∪ (M x − P xy − v 1 v 2 ) with different numbers of components. If p = 5, then there exists an edge v 1 v 2 in H − P xy which is joined to P xy by an edges v 1 u 1 , where u 1 ∈ V (P xy ) since G is connected and |V (G)| ≥ 9. Suppose that v 2 is adjacent to another edge
} has two star-factors S 5 and S 6 with three stars and four stars, respectively. So
are two star-factors with different numbers of components in G. Thus v 2 is not adjacent to any vertex in H − P xy . In this case, v 2 must be adjacent to a vertex of P xy as δ(G) ≥ 2. If v 1 and v 2 have a common neighbor u 2 , then P xy ∪ {xy, v 1 v 2 , v 1 u 2 , v 2 u 2 } can be decomposed into two stars or three stars, so G contains two star-factors with different numbers of components. If v 1 and v 2 are adjacent to two distinct vertices u 3 and u 4 in P xy respectively, then u 3 and u 4 are nonadjacent in P xy ∪ {xy} since P xy is a longest alternating path. Then P xy ∪ {xy, v 1 v 2 , v 1 u 3 , v 2 u 4 } can be decomposed into two stars or three stars, we again obtain two star-factors with different numbers of components in G. If p = 3, then there exists an edge v 1 v 2 in H − P xy such that v 1 u is an edge of G, where u ∈ P xy . If v 2 is incident with another edge v 3 v 4 in H − P xy − v 1 v 2 , where v 2 v 3 is an edge of G, then P xy ∪ {xy, v 1 v 2 , v 3 v 4 , uv 1 , v 2 v 3 } can be decomposed into two stars or three stars. So H ∪{xy, uv 1 , v 2 v 3 } has two star-factors with the different numbers of components. Otherwise both v 1 and v 2 are only adjacent to vertices in P xy . If v 2 is adjacent to u ′ = u in G, denote z = P xy −u−u ′ , then M v 1 = M x −P xy −v 1 v 2 +v 2 u ′ +uz and M v 2 = M x −P xy −v 1 v 2 +v 1 u+u ′ z are maximum matching of G − v 1 and G − v 2 , respectively, and the path connecting v 1 and v 2 in M v 1 ∪ M v 2 is of length 5, which is a contradiction to the choice of P xy . Hence v 2 is also adjacent to u in G. Then P xy ∪ {xy, v 1 v 2 , uv 1 , uv 2 } can be decomposed into one star or two stars, we obtain two star-factors of G with different numbers of components. Consequently Claim 4 is proved.
All factor-critical graphs of order three, five or seven, with δ(G) ≥ 2 and γ(G) = ⌊ Question 1. For a given graph G, does there exist an edge-weighting w of G such that every star-factor of G has the same weights under w?
